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1. INTRODUCTION 
Since the generalization of the usual notion of a set into a fuzzy set by 
Zadeh in his classic paper [20] of 1965, many abstract structures were 
generalized using fuzzy sets. Fuzzy topological spaces, fuzzy uniform 
spaces, fuzzy proximity spaces, fuzzy groups, fuzzy vector spaces, fuzzy 
topological groups and fuzzy topological vector spaces were introduced by 
Chang [4], Lowen [ 121, Katsaras [ 111, Rosenfeld [ 151, Katsaras and Liu 
[lo]. Foster [5] and Katsaras and Liu [lo], respectively. These structures 
were further studied by Azad [ 1,2]. Hutton [8, 91, Lowen [ 131, Warren 
[ 16, 171, Weiss [ 181 and Wong [ 191, among others. 
Because fuzzy sets can be regarded as a generalization of characteristic 
functions [cf. [7, 2011 taking values between 0 and 1 (including 0 and 1); 
and the characteristic function on a set X is the constant mapping taking the 
whole of X to 1. the points of X possess the same status relative to the 
characteristic function on X, i.e., are not distinguishable by characteristic 
function on X, while they are distinguishable by a fuzzy set on X. And, as 
the study of general topology can be regarded as a special case of the study 
of fuzzy topology where all fuzzy sets in question take values 0 and 1 only, 
it may be desirable and beneficial if the topological notions in fuzzy setting 
do not directly involve the role of the points of X. In this spirit, here we 
introduce the concepts of fuzzy perfect mapping and of fuzzy Hausdorffness 
and study some of their properties. 
In Secion 3 of this paper, we introduce fuzzy perfect mappings and obtain 
that the product of fuzzy perfect mappings is a fuzzy perfect mapping and 
also the composition of fuzzy perfect mappings is a fuzzy perfect mapping. 
In Section 4, fuzzy Hausdorff spaces are introduced using the concept of ;1- 
diagonals and a generalization of the theorem that the graph of a mapping 
on a topological space to a Hausdorff space is closed is obtained in the fuzzy 
setting [cf. Theorem 4.81. Finally, it is obtained that if X, Y and Z be fuzzy 
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topological spaces with Z fuzzy Hausdorff then the mapping 
V; h): X+ Y x Z, defined by (J h)(x) = (j(x), h(x)), for .Y E X. where 
J X+ Y is fuzzy perfect and h: X-1 Z is fuzzy continuous, is fuzzy perfect 
[cf. Theorem 4.1 I]. This generalizes Theorem 1.1 [ 141 in the fuzzy setting. 
2. PRELIMINARY NOTIONS AND RESULTS 
Throughout this paper, I will denote the unit interval [O. l] of the real line. 
X, Y and Z will denote nonempty sets and (I and /3 will be arbitrary members 
of index sets ,d and .3, respectively. 
(a) Fuzzy Sets 
For X, 1’ denotes the collection of all mappings on X to I. A member 1 of 
Ix is called a fuzzy set of X [cf. 201. The union U ,I, (the intersection r) A,) 
of a family (A,} of fuzzy sets of X is defined to be the fuzzy set sup 1, 
(inf A,). For any two members 1 and ,U of Ix; 12 ,U iff 1(x) > p(x), for each 
x E X, and in this case 1 is said to contain ,u or ,u is said to be contained in A. 
0 and 1 denote constant mappings taking the whole of X to 0 and 1, respec- 
tively. The complement 1’ of a fuzzy set ,l of X is 1 - 1, defined by 
(I - A)(x) = 1 - 1(x), f or each x E X. The product A x ,u of a fuzzy set 1 of 
X and a fuzzy set ,U of Y is a fuzzy set of X x Y, defined by (1 x ,u)(-u3 4’) = 
min@(x). p(y)), for each (x, y) E X x Y [cf. [lo]]. 
Let f: X + Y be a mapping on X to Y. If 1 is a fuzzy set of X, f(n) is 
defined as follows: 
f(~)(Y) = .Esru_~y, A(x)3 iff-‘(-ll)fIZI, 
= 0. otherwise, 
for each 1’ E Y, and if ,D is a fuzzy set of Y, f- ‘@) is defined as follows: 
f ‘W(4 = cu o f)(x-)T 
for each x E X. [cf. [ 11, 2011. 
The product f, x f2: X, x X, + Y, x Y, of mappings f,: X, + Y, and 
.A:&+ yz is defined by (f, xfi)(x,,x2) = (fi(x,)rf2(-xz>), for each 
(x,, x2) E X, x X2. The identity Z,r: X -+ X on X is defined by f,,(x) = x, for 
x E x. 
Following elementary results will be used frequently in the sequel. 
2.1. LEMMA. Let f: X + Y be a mapping and (A,} be a family of fuzz? 
sets of Y. then 
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and 
(a) f-’ (U L) = U f-Vd 
(b) f-’ (0 At) = n f-‘&J 
Proof: It is straightforward. 
2.2. LEMMA. For mappings fi: Xi + Yi and fuzzy sets Ai of Vi, i = 1,2; 
tre hatle 
ul Kw(4 x4)=f;'@J Kf;'(U. 
ProoJ We refer to the proof of Lemma 2.3 in [2]. 
2.3. LEMMA. Let f: X+ Y and g: Y + Z be mappings and let 1 be a 
fkzzJr set of X. then 
s(f (~1) = (g o f)(A)* 
Proof For z E Z we have 
g(f@))(z) = ),y(;) $!!g,, n(-r)3 ifg-‘(z) f 0, andf-‘(y) # 0, 
= 0. otherwise; 
= sup A(x),if (g 0 f )-l(z) # 0, +Ef-‘(g~‘(z))=(g~f)~‘(r) 
= 0. otherwise; 
= (g O f)@)(z)- 
(b) Fuzzy Topology 
A subfamily TX of 1 is called a fuzzy topology on X [cf. [4]] if (i) 0 and 
1 belong to rX, (ii) any union of members of rX is in rX, and (iii) a finite 
intersection of members of rX is in TX. A system (X, rX) consisting of a set 
X together with a fuzzy topology rX on X is called a fuzzy space X. 
Members of rX are called fuzzJ1 open sets of X and their complements fuzzy 
closed sets. For a fuzzy set k of X, the closure Cl A and the interior Int A of J 
are defined, respectively, as follows: 
and 
Cl A = inf{v : v > A, v’ E rX) 
Int ;3 = sup{ v : v < A, v E rX}. 
Let X be a fuzzy space. A subfamily 9 of rX is called a base for rX if 
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each member of rX is a union of some members of 9; and a subfamily & of 
rX is called a subbase for rX if the collection of all finite intersections of 
members of &’ forms a base for rX. Given a subfamily ,d of I.‘, we can 
generate a fuzzy topology rX on X as follows: rX consists of unions of finite 
intersections of members of ,d. 
Let X and Y be fuzzy spaces. The fuzzy product space of X and Y is the 
Cartesian product XX Y of sets X and Y together with the fuzzy topology 
rX x Y generated by the family ( p;‘(l,), p; ‘(,D,) 1 A, E rX,puq E rY, and p, 
and pz are projections of XX Y onto X and Y, respectively} [cf. [ 1911. It is 
easily seen that the family .J? = (A, x ,D~ 1A, E rX, ,uo E r Y) forms a base for 
rX x Y [cf. [2]]. Also, it is known that product of fuzzy closed sets is a 
fuzzy closed set [cf. [2: Lemma 3.311. 
2.4. DEFINITION. Let X and Y be fuzzy spaces. Then a mapping 
f: X + Y is called 
(i) fuzzy continuous if f ‘(1) E rX, for each J. E r Y, or equivalently 
f - ‘0) is a fuzzy closed set of X for each fuzzy closed set ,O of Y [cf. [ 4 ] ] : 
(ii) fuzzy homeomorphism if f is one-one onto and both f and f -’ are 
fuzzy continuous [cf. [4]]; and 
(iii) ~UZZJJ open (closed) if f (A) is a fuzzy open (closed) set of Y for each 
fuzzy open (closed) set 1 of X [cf. [ 1911. 
2.5. DEFINITION. Two fuzzy spaces X and Y are said to be fuzzy 
homeomorphic denoted by X = Y if there exists a fuzzy homeomorphism on 
x to Y. 
2.6. THEOREM. If X, Y and Z are fuzzy spaces, then 
(a) Xx Y- YxX, 
and 
(b) (XxY)xZ-Xx(YxZ). 
Proof. It is simple. 
2.7. THEOREM. The product f, X fi: X, X X, + Y, X Y, of fUZZJ 
continuous mappings f,: X, + Y, and f2: X, --t Y, is a fuzzy continuous 
mapping. 
Proof. It is immediate by noting that [using Lemmas 2.1 and 2.21 
(f, xf2)-’ 
( 
u (A, x/Q) = u (f;‘& Xf&J 
1 
where the J,‘s are fuzzy sets of Y, and the ,u~‘s are fuzzy sets of Yz. 
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2.8. THEOREM. The composition g of: X -+ Z of fuzzy closed (open) 
mappings f : X + Y and g: Y + Z is also a fuzzy closed (open) mapping. 
Proof It is immediate from Lemma 2.3. 
2.9. THEOREM. If f, : X + X, and fi: X + X, are fuzzy continuous 
mappings then the mapping (f,, fi): X-+ X, x XI defined by df,, fi)(x) = 
(f,(x,), fi(xz)), for each x E X. is fuzzy continuous. 
Proof. It follows by noting that a mapping f on a fuzzy space X to a fuzzy 
product space is fuzzy continuous iff composition off with each projection is 
fuzzy continuous [cf. [ 1911. 
3. FUZZY PERFECT MAPPINGS 
3.1. DEFINITION. A fuzzy continuous mapping f: X-+ Y on a fuzzy 
space X to another fuzzy space Y, is called a fuzzy perfect mapping (or a 
fuzzy proper mapping) if for any fuzzy space Z, the mapping 
f x IT: X x Z + Y x Z is fuzzy closed. 
3.2. Remark. Taking Z consisting of a singleton {z) with fuzzy topology 
(0, 1 ), it is easily seen that a fuzzy perfect mapping is also a fuzzy closed 
mapping. 
Further, it should be noted that an identity mapping on a fuzzy space is 
fuzzy perfect. 
3.3. THEOREM. The product f, x fi: X, x X, + Y, X Y, of fuzzy perfect 
mappings f,: X, + Y, and fi: XZ -i Y, is a fuzzy, perfect mapping. 
Proof Let Z be a fuzzy space. Then because (i) f, X fi XI, is a 
composition of mappings f, x I,v, x I, and I,, x f2 x Zz, and (ii) f,, fi and 
identity mappings are fuzzy perfect, the mappings f, x Ix2 x I, and 
I,, x f2 x I, are fuzzy closed; f, x fi x I, is a fuzzy closed mapping, by 
Theorem 2.8. 
3.4. THEOREM. The composition (g o f ): X--t Z of fuzzy perfect 
mappings f: X + Y and g: Y + Z is a fuzzy perfect mapping. 
Proof. Let Z be a fuzzy space. Then the result follows by using 
Theorem 3.3 from the identity 
(gOf)XI,=(gXIz)o(f XI,). 
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4. FUZZY HAUSDORFF SPACES 
For a mapping f: X-r Y, the graph mapping g: X+ X x Y off is defined 
by g(x) = (x, f(x)), for each x E X. The graph mapping of the identity 
mapping I.y: X+X, i.e., the mapping d: X+ X X X defined by d(x) = (x, x). 
for each x E X, is called the diagonal mapping on X. 
4.1. DEFINITION. For a fuzzy set A of X, the A-diagonal of X is the fuzzy 
set d(A) of Xx X. 
4.2. DEFINITION. For a fuzzy set L of X and a mapping f: X + Y, the A- 
graph off is the fuzzy set g(L) of X x Y. 
4.3. Remark. In case ,I = 1, d(1) and g(I) become characteristic 
functions on the usual diagonal {(x, x) / x E X) of X, and the usual graph of 
h i.e., {(x, f(x)) 1 x E X) L X x Y, respectively. Thus d( 1) and g( 1) can be 
identified with the usual diagonal of X and the usual graph off. respectively. 
Also, it should be noted that the l-diagonal of X is the L-graph of I,,. 
4.4. DEFINITION. A fuzzy space X is said to be fuzzy Hausdorff if each 
J-diagonal d(A) of X is a fuzzy closed set of X x X. 
4.5. DEFINITION. A fuzzy set J of X is said to be graph closed with 
respect to (w.r.t.) a mapping f: X -+ Y, if for each x E X, 
sup qx’) = i(x). 
.r’E/-‘(ftx)) 
4.6. Remark. It is clear that 1 is graph closed w.r.t. any mapping f and 
any fuzzy set 1 is graph closed w.r.t. a one-one mappingf: 
4.1. LEMMA. For a fuzzy set ,I of a set X graph closed w.r.t. a mapping 
f: X + Y on X to another set Y, we have 
g(A) = tf x Iy)- ‘Mf (A))), 
where d is the diagonal mapping on Y. 
Proof. Because for (x, 4’) E X x Y, g- ‘(x, ~7) # 0 iff J’ = f (x), and 
g-‘(x, f(x)) =x, we have 
g@)(x, Y) = sup 1(x’), ifg-‘(x, y) f 0, 
.r’Eg-‘(x.y, 
= 0, otherwise. 
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Also, 
= sup /qx’), 
I’Ef-‘l.f(.rO) 
= 0. 
Hence. the result. 
ifd-‘(f(x), y) f 0, 
otherwise; 
if J = f(x), 
otherwise; 
if .r = f(x), 
otherwise. 
4.8. THEOREM. Let f: X+ Y be a fuzzy continuous mapping on a fuzzy 
space X to a fuzzy Hausdorff space Y and let 1 be a fuzzy set graph closed 
w.r.t. J then the l-graph g(l) off is a fuzzy closed set of X x Y. 
Proof. By Theorem 2.1, f x I,. is a fuzzy continuous mapping. Now the 
result follows from Lemma 4.7, by noting that d(f (A)) is a fuzzy closed set 
of Y x Y, because Y is a fuzzy Hausdorff space. 
4.9. Remark. In view of the remark 4.3, Theorem 4.8 generalizes the 
theorem (in general topology) that the graph of a mapping f: X-+ Y with Y, 
a Hausforff space is a closed set of X x Y. 
4.10. EXAMPLE. The condition that II be a graph closed w.r.t. f in 
Theorem 4.8 is necessary. For. consider Z with fuzzy topology (0, 1 } and a 
fuzzy space P consisting of a singleton J,p} and fuzzy topology {0, 1 } and the 
constant mapping f: Z -+ P. Clearly P is fuzzy Hausdorff. Let A be a fuzzy set 
of Z defined by 
/l(x) = 0, o<x <f, 
I 1 = 7. X = 7, 
= 1, ; <x< 1. 
Trivially 2 is not a graph closed fuzzy set of Z w.r.t. J Also, it is easy to 
verify that the l-graph g(A) of f is given by g(l)(x, p) =1(x), for each 
(x, p) E Z x P. Thus, because Z x P v I, and 1 is not a fuzzy closed set of Z, 
g(A) is not a fuzzy closed set of Z X P. 
4.11. THEOREM. Zf f: X + Y is a fuzzy perfect mapping and h: X -+ Z is 
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a fuzzy continuous mapping with Z a fuzzy Hausdorff space then the 
mapping (f, h): X+ Y x Z, defined by (f, h)(x) = (f(x), h(x)) for each 
x E X, is a fuzzy perfect mapping. 
Prooj By Theorem 2.9, the mapping (f, h) is fuzzy continuous. Because 
(f, h) is a composition of mappings (I,, h): X+ XX Z and f x I,: 
X x Z -+ Y x Z; and, f x I, is a fuzzy perfect mapping [cf. Theorem 4.81, we 
shall be through by Theorem 3.4, if we show that (Z,r, h) is also a fuzzy 
perfect mapping. 
Let i be a fuzzy closed set of XX Y, where Y is a fuzzy space. In order 
that (I,r, h) be fuzzy perfect, we need to prove that [(Z.y. h) X Zy ](A) = k(1). 
say, is a fuzzy closed set of (X x Z) x Y or of (X x Y) x Z, in view of 
Theorem 2.6. It is not difficult to see that, 
k(A)(x, I’, z) = Jqx, y), if z = g(x), 
= 0. otherwise; 
i.e., 
=1(2,x I)n(g(l)x l)](X,Y,Z), 
44=(1x w(g(qx I), 
where g is the graph mapping of h, i.e.. g = (I,., h). 
Since I is a graph closed fuzzy closed set of X w.r.t. h and Z is fuzzy 
Hausdorff, by Theorem 4.8, g( 1) is a fuzzy closed set of X X Z. Thus noting 
that the product of two fuzzy closed sets is a fuzzy closed set and also the 
intersection of fuzzy closed sets is a fuzzy closed set, we obtain that k(A) is a 
fuzzy closed set. 
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